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Abstract
An Erdo˝s–Ko–Rado-type theorem for the symmetric group Sn says that a maximal-sized intersecting set
in Sn is a coset of a stabilizer of one point. In this note we present a short proof of this result, and establish
an analogous theorem for Coxeter groups of types B and D.
c© 2007 Elsevier Ltd. All rights reserved.
1. Introduction
Let Ω be a finite set and G a permutation group on it. We say a subset A of G is intersecting if
for any σ, τ ∈ A, there is an x ∈ Ω such that σ(x) = τ(x). Clearly, a coset of a stabilizer of one
point is an intersecting set in G. Motivated by Erdo˝s–Ko–Rado theorem on finite sets [4], we ask
what the maximal size of intersecting sets for a given permutation group G is, and whether or not
a stabilizer of one point is a maximal-sized intersecting set in G. The questions have affirmative
answers for Sn , the symmetric group on [n] := {1, 2, . . . , n}.
Theorem 1. Let F be an intersecting set in Sn . Then
(i) (Deza and Frankl [2]) |F | ≤ (n − 1)!.
(ii) (Cameron and Ku [3], Larose and Malvenuto [5]) Equality in (i) holds if and only if F is a
coset of the stabilizer of a point.
Generally, we say that a permutation group G on Ω has the Erdo˝s–Ko–Rado property, or EKR
property for short, if the size of every intersecting set of G is not larger than the cardinality of its
maximal-sized stabilizers of one point. Furthermore, we say that G has the strict EKR property
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if each of its maximal-sized intersecting sets is a coset of a stabilizer of one point. With this
definition Theorem 1 says that Sn has the strict EKR property.
In this note we shall give analogous results for Coxeter groups (see [1] for details). Let SBn be
the group of all permutations w on [±n] := {±1, . . . ,±n} such that w(−a) = −w(a) for all
a ∈ [±n]. Given a w ∈ SBn , we can express w as a pair (T, σ ) where T ⊂ [n] and σ ∈ Sn such
that σ(i) = |ai | and i ∈ T if and only if ai is negative. Byw we denote the element (T , σ ) where
T = [n] \T , and for a subsetA ⊆ SBn , defineA := {w : w ∈ A}. We identify an element σ ∈ Sn
with (∅, σ ). Then Sn can be regarded as a subgroup of SBn . Let SDn denote the subgroup of SBn
consisting of all pairs (T, σ ) such that |T | is even. We call Sn , SBn and SDn Coxeter groups of type
A, type B and type D, respectively. It is well known that the cardinalities of SBn and S
D
n are 2
nn!
and 2n−1n!, respectively. And both SBn and SDn are transitive on [±n], and their stabilizers of one
point have orders 2n−1(n− 1)! and 2n−2(n− 1)!, respectively. The main result of this note is the
following theorem.
Theorem 2. Let n be an arbitrary positive integer. Then both SBn and S
D
n except S
D
3 have the
strict EKR property.
In [3], the EKR property of Sn was proved by the following lemma.
Lemma 3. Let C be a clique and A a coclique in a vertex-transitive graph on m vertices. Then
|C ||A| ≤ m. Equality implies that |C ∩ A| = 1.
In fact, for a permutation group G on Ω we can define a graph on vertex set G by joining σ
and τ if they are intersecting. This graph is vertex-transitive if the action of G on Ω is transitive.
From Lemma 3 one sees that a transitive permutation group G onΩ has the EKR property if there
exists a subset A of G such that |A| = |Ω | and no two elements of A are intersecting. For Sn
(acting on [n]) we can find such a subset, say {αi : i = 0, 1, . . . , n − 1}, where α is an n-cycle.
(A k-cycle in Sn is of the form (a1, a2, . . . , ak) which maps ai into ai+1 where subscripts are
computed by modulo k, and keeps elements of [n] \ {a1, . . . , ak} fixed.) For SBn or SDn with even
n, we can also find such a subset, say {αi , αi : i = 0, 1, . . . , n − 1}. So, we immediately obtain
their EKR property, and in both cases their strict EKR property can be easily deduced from that
of Sn . When n is odd, however, this argument does not work for SDn . In the latter case we need to
carefully analyze the structure of intersecting sets, especially the contributions of signs, and then
make use of the strict EKR property of Sn . Therefore, the strict EKR property of Sn is essential
for the argument in this note.
In the next section we shall present a short proof of the strict EKR property of Sn (i.e., the
second part of Theorem 1), and leave the proof of Theorem 2 to Section 3.
2. A simple proof of the strict EKR property of Sn
Let F be an intersecting set in Sn with |F | = (n − 1)!. Without loss of generality we assume
that the identity permutation Id ∈ F and show that F is a stabilizer of one point. Let α = (1, 2,
. . . , n) ∈ Sn and 〈α〉 = {Id, α, . . . , αn−1}, the subgroup generated by α. By Lemma 3 we have
that for each σ ∈ Sn , the coset σ 〈α〉 contains exactly one element of F . Write σk = (1, 2, . . . , k)
where 1 < k < n. If σkαi ∈ F , then it must have fixed points since it intersects with Id. We now
analyze the fixed points of σkαi . Given an x ∈ [n] we have αi (x) = [x + i]n , the least positive
residue of x+ i modulo n. Then σkαi (x) = [x+ i]n if [x+ i]n > k; σkαi (x) = 1 if [x+ i]n = k;
and σkαi (x) = [x + i]n + 1 if [x + i]n < k.
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Suppose σkαi (x) = x for some x ∈ [n]. There are three cases:
(i) If [x + i]n > k, then x + i ≡ x (mod n), which implies i = 0, that is, σk has n − k fixed
points: k + 1, . . . , n.
(ii) If [x + i]n = k, then x = 1 and i = k − 1, that is, 1 is the only fixed point of σkαk−1.
(iii) If [x + i]n < k, then x + i ≡ x − 1 (mod n), which implies i = n − 1; hence σkαn−1 has
k − 1 fixed points: 2, 3, . . . , k.
We thus obtain that exact one of σk , σkαk−1 and σkαn−1 that belongs toF . It is easily verified that
σkα
k−1 = (2, 3, . . . , n)k−1 and σkαn−1 = (1, n, n−1, . . . , k+1). By symmetry we immediately
obtain the following lemma.
Lemma 4. Given ξ = (x1, x2, . . . , xn) ∈ Sn and k ∈ [n − 1], set Ck(ξ) = {(x1, . . . , xk),
(x2, . . . , xn)k−1, (x1, xn, xn−1, . . . , xk+1)}. Then |Ck(ξ) ∩ F | = 1.
In particular, F contains exactly one of (x1, . . . , xn−1), (xn, xn−1, . . . , x2) and (x1, xn). If F
contains all 2-cycles in Sn , then, by definition,F contains no such permutations that have at most
two fixed points. Therefore, from Lemma 4 it follows that F contains all 3-cycles, and hence all
4-cycles and so on, until after more than n2 steps we get a contradiction. Therefore, there exists
an (n − 1)-cycle in F . Without loss of generality we assume (1, 2, . . . , n − 1) ∈ F . We now
proceed to prove that F is just the stabilizer of n in Sn .
It is easy to verify that the assertion is true for n ≤ 5. Suppose now n ≥ 6. Take (x1, x2,
x3, . . . , xn) = (n, 2, 4, . . . , 2(t − 1), 1, 3, . . . , 2t − 1) for n = 2t and (x1, x2, x3, . . . , xn) =
(n, 2, 4, . . . , 2t, 3, 1, 5, . . . , 2t − 1) for n = 2t + 1. It is easily seen that neither (x1, x2, . . . , xk)
nor (x1, xn, xn−1, . . . , xk+1) are intersecting with (1, 2, . . . , n − 1). Then Lemma 4 yields
that (x2, . . . , xn)k−1 ∈ F for every k = 2, . . . , n − 1. With the assumption that Id =
(x2, . . . , xn)n−1 ∈ F one sees that every σ ∈ Sn is not intersecting with (x2, . . . , xn)i for all
i = 1, . . . , n − 1, unless σ(n) = n, completing the proof.
3. Proof of Theorem 2
The strict EKR property of SBn follows from [6, Theorem 3.1]. Here we consider only S
D
n , and
the argument also works for SBn .
Let F be a maximal-sized intersecting set in SDn with Id ∈ F . Then |F | ≥ (n − 1)!2n−2. The
theorem is clearly true for n ≤ 2. Suppose n ≥ 3 and set
Fp = {σ ∈ Sn : there is a T ⊆ [n] such that (T, σ ) ∈ F}, and
Fs(σ ) = {T ⊆ [n] : (T, σ ) ∈ F} for σ ∈ Fp.
Then Fp is an intersecting set in Sn , and hence |Fp| ≤ (n − 1)!.
Suppose |Fp| = (n − 1)!, which means that Fp is a stabilizer of one point, say the stabilizer
of n in Sn . We now prove that F is the stabilizer of n in SDn . Let F0p (F1p) be the set of all σ ∈ Fp
such that n 6∈ T (n ∈ T ) for some T ∈ Fs(σ ). Then Id ∈ F0p. If there is a σ ∈ F0p ∩ F1p,
then each τ ∈ Fp intersects σ in [n − 1], which is clearly impossible. We therefore obtain
that F0p ∩ F1p = ∅, and hence |Fs(σ )| ≤ 2n−2 for each σ ∈ Fp, and the maximum size of F
implies the equality, which means that for every T ⊆ [n − 1], (T, σ ) ∈ F if |T | is even and
σ ∈ F0p, and (T ∪ {n}, σ ) ∈ F if |T | is odd and σ ∈ F1p. Now, if F1p 6= ∅, say σ ∈ F1p, we
can find a contradiction: As an element of F , Id does not intersect with ([n], σ ) when n is even,
or ([n] \ {i}, σ ) when n is odd, where i is given by σ(i) 6= i . The contradiction shows that the
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theorem is true in this case. From this it is clear that in order to finish the proof it suffices to prove
that |Fp| = (n − 1)! or |Fs(σ )| ≤ 2n−2 for every σ ∈ Fp.
Suppose the contrary, that is, |Fp| < (n−1)! and there is a σ ∈ Fp such that |Fs(σ )| > 2n−2.
Then for every k-subset A ⊆ [n] where 1 ≤ k ≤ n − 1, #{T ∩ A : T ∈ Fs(σ )} > 2k−1.
This can be seen from the following observation: for each T ∩ A, there are at most 2n−k−1
subsets C ⊆ [n] \ A such that (T ∩ A) ∪ C has even number of elements. If n = 3, excepting
cosets of the stabilizer of one point we have another maximal-sized intersecting set in SD3 :{Id, ({1, 2}, Id), ({1, 3}, Id), ({2, 3}, Id)}. Suppose now n > 3 and |Fp| > 1.
Given a τ ∈ Fp \ {σ }, let Aτ be the set of i’s such that σ(i) = τ(i). Set |Aτ | = k. We have
observed that #{T ∩ Aτ : T ∈ Fs(σ )} > 2k−1. If L ∈ Fs(τ ), then L must intersect T in Aτ for
every T ∈ Fs(σ ), so L ∩ Aτ 6= Aτ \ (T ∩ Aτ ) for every T ∈ Fs(σ ), and hence L ∩ Aτ has less
than 2k−1 choices, each of which can be extended to an even-order subset of [n] in 2n−k−1 ways.
We thus obtain that |Fs(τ )| < 2n−2 for each τ ∈ Fp \ {σ }. With |Fs(σ )| ≤ 2n−1 we have that
|F | < 2n−1 + (|Fp| − 1)2n−2 = (|Fp| + 1)2n−2 ≤ (n − 1)!2n−2,
a contradiction, which implies that |Fp| = (n − 1)! or |Fs(σ )| ≤ 2n−2 holds for every σ ∈ Fp.
Both cases imply our result. 
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